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Abstract

Sound radiation is the most important phenomenon when a structure vibrates, which is strongly dependent on boundary conditions and
its shape such as aspect ratio. This paper deals with general aspects of sound radiation from this viewpoint. A particular guided and
pinned condition being taken into account here, is that the cross-modal terms can average out for all possible point excitation locations.
Then, the average radiation efficiency based on the modal radiation efficiency and corresponding radiation power can numerically be
obtained. It is shown that the radiation power of the guided plate is governed by the piston mode as well as the critical frequency. Unlike
the pinned plate, no clear corner and edge mode regions below the critical frequency may be found for the guided case. Meanwhile, if the
plate damping increases the similar tendency that the radiation efficiency increases below the critical frequency is found, as the vibra-
tional level decreases. For the strip with a large aspect ratio, the radiation power is maximised at frequencies where the wavelength is an

integer times the short edge length. This can be seen for both the guided and the pinned boundary conditions.

Keywords: Sound radiation; Radiation efficiency; Guided; Pinned; Rectangular plate; Strip; Modal approach; Farfield

1. Introduction

In automotive vehicles, both structure-borne and airborne
noise paths are important to secure NVH targets. Air-borne
characteristics are usually investigated based on Statistical
Energy Analysis (SEA) which does seem successful [1]. Re-
garding structure-borne noise, sound radiation may be one of
the most important characteristics. The dash firewall is a good
example where resonant sound transmission occurs. However,
this structure-borne noise problem is still under investigation,
as it may be difficult to find general characteristics, since vari-
ous boundary conditions as well as many numbers of modes
of a real complicated structure should be considered.

Therefore, previous studies have generally dealt with simple
rectangular plates or strips. Berry [2] studied the influence of
boundary conditions on sound radiation, when the modal den-
sity is low and below critical frequency. For a finite, simply
supported, baffled plate, it is well known that the radiation of
sound by a given mode, excited below its modal critical fre-
quency, is due to corners and edges of the plate. While the
radiation efficiency is almost the same in the free and guided
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cases for low order modes, for higher modes it is substantially
larger in the guided case. Berry also pointed out that the rigid
motions may predominantly contribute to the low frequency
sound radiation from free or guided plates. This piston motion
is sufficient to provide a good estimate of the radiated power
from the free or guided plate. It is mentioned that this would
also be true above the critical frequency, although the result
was not shown. The study concentrated on individual modes
and the corresponding radiation efficiencies. A single point
force was applied at a certain location.

Maidanik showed that, the radiation resistance of a large
panel at frequencies below the critical frequency, with
clamped boundaries that generate nearfield effect, would be
twice that of the simply supported case [3]. However, this may
only be true for very large structures. In addition, Leppington
[4] showed that Maidanik overestimated the radiation resis-
tance at coincidence, using the assumption of high modal den-
sities for the plate. In fact, in the studies of Maidanik and Lep-
pington, the radiation characteristics were considered without
including cross-modal contribution, which may provide some
resulting discrepancies.

Lomas and Hayek [5] showed that the influence of an elas-
tic restraint, against rotation at the edges of a panel, is least
significant for the radiation efficiency, which means pinned
and clamped conditions show roughly the same radiation effi-
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ciency, which is also shown by Berry [1].

Snyder and Tanaka [6] introduced the contribution of the
cross-modal coupling to calculate the total acoustic power at
low frequency, by using radiation efficiencies. It was shown
that the cross mode contributions are only non-zero for pairs
of modes that are either both odd or both even, in a given di-
rection. The cross-modal coupling could have a significant
impact on the radiated power, even at a resonance frequency
[7].

Xie et al. [8] investigated the averaged radiation efficiency
of point-excited rectangular plates, including strips with
pinned conditions. A modal summation method is used that is
based on the farfield sound intensity. By taking an average
over all possible forcing positions on the plate, the cross-
modal contributions average out to zero. The general radiation
characteristics of a pinned plate were investigated.

Patil and Crocker [9] used an optimization of a commercial
FE code. Variation of thickness along the plate can be ar-
ranged to minimize radiated sound power and the radiation
efficiency. The best design among the numerous feasible de-
signs of a rectangular plate could be achieved. However, gen-
eral insight seems more necessary to be helpful to a design
engineer, even though such optimization delivered a good
result.

Park et al. [10] investigated sound that radiated from the
rectangular plate, based on the Rayleigh-Ritz method, where
general boundary conditions can be taken into account. Sound
radiation power is obtained based on the assumption that
cross-modal terms disappear. Although this is only true for
some particular conditions, the results demonstrate the corre-
sponding approach is useful. It was shown that both velocity
response of the plate and sound radiation are influenced by the
edge conditions. However, detailed investigations related to
different boundary conditions were not presented.

The present paper deals with sound radiated into the far-
field of a rectangular plate, with different boundary condi-
tions, pinned and guided. As discussed above, these two con-
ditions seem mostly important in an investigation of general
sound radiation characteristics, and furthermore, are greatly
advantageous in numerical calculations. That is, as mentioned
by Xie [8], using a pinned condition of the plate edges and an
average over point force locations, the cross-modal terms
become zero. The same approach can also be applied to the
guided condition, except that in this case the so-called piston
mode exists, which is an important phenomenon. Such an
averaging approach seems useful to judge the general radia-
tion characteristics in industries, rather than using the ob-
tained information from the single point excitation, as studied
by Berry [2].

General radiation characteristics, including radiation effi-
ciency and radiation power, are studied. As the pinned case of
a rectangular plate was already investigated by Xie [8], the
guided condition is the focal point in the present paper. How-
ever, the pinned plate will be discussed if necessary. Different
aspect ratios are also taken into account.

2. Radiation efficiency of a rectangular plate in a guided
condition

2.1 Acoustic power radiated from a plate

Consider a rectangular plate as shown in Fig. 1, assumed
that all edges are in guided conditions.

The velocity v(x) at location x=(x,y) on the plate can
be obtained by superposing the modal contributions from each
mode.

V=330, =3 Y0 =3 Y& 1)

m=0n=0 m=0n=0 m=0n=0

where v, is the surface velocity distribution of the plate of
mode (m,n), u,, is the complex modal velocity amplitude,
v, is the mode shape function of mode (m,n) and m, n are
the indices of the modes. The mode shape function v, (x)
when all edges are in guided conditions is expressed as

_ mrx nzy
y/,n”(x)—cos[ L Jcos( L J 2)

where L, and L, are the edge length in the corresponding
co-ordinates x and V.

The complex acoustic pressure amplitude p(r) at a loca-
tion expressed in spherical co-ordinates r=(r,6,4) at fre-
quency @ can be written in terms of the plate surface veloc-
ity using Rayleigh integral [11]

ikpc e
S a 3
S0 (3)

p(r)=

where p, ¢ are the air density and speed, k¥ =w/c is the
acoustic wavenumber, S is the plate surface and the distance
7= ‘r - x‘ as shown in Fig. 1.

Substituting Eq. (1) into Eq. (3) results in

[0 dx=YYp, @

’
r m=0n=0

pm=22€f

m=0n=0

For the farfield where » >> L, L, the effect of the dif-
ference in distance on the amplitude of the acoustic pressure
can be ignored, while its effect on the phase remains important.
Thus, the distance ' may be approximated as r [12].

r'=r—sinfcosg-x/r—sinfsing- y/r (5)

r=(r,0,¢)

Fig. 1. Co-ordinate system of a vibrating rectangular plate.
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Then, the complex acoustic pressure amplitude p, corre-
sponding mode (m,7) in Eq. (4) can be written as, in the Carte-
sian co-ordinates [13]

:Zumny/mn x exp[i(ax/Lx) + i(ﬂy/Ly )J dxdy

(6)
Substituting Eq. (2) into Eq. (6) and some algebraic ma-
nipulations [14] gives
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Thus,
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where a =kL sinfcos¢, B=kL sinfsing and r=|r|.
The total acoustic power that is radiated from the plate can
be obtained by integrating the farfield acoustic intensity over
hemisphere of radius » to give

Lﬂ/z \p(r)\ in6dods {0

Therefore, the total acoustic power can be expressed in
terms of u,, and 4, (r) from Eq. (8) as

mn
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This equation shows that the total acoustic power requires,

in general, cross-modal terms and knowledge of the excitation,

u. seen in the equation.

mn 2 mn

as modal velocities u

2.2 Point force excitation

The complex modal velocity amplitude u,,
force applied at (x,,y,) on the plate is

due to a point

u = lCOFl//,,m (xeaye) (12)
[, (+in) -’ | M,

mn mn

is the natural
is the

where F is the complex force amplitude, «,,

frequency, 7 is the damping loss factor and M,
modal mass, which is

Lx pLy 5
o= P, (X, y)dxdy

0 0
pL.L, form=0andn=0
= p,tL.L,[2 form=0orn=0 (13)
pLL,[4 form#0andn=#0

where p, and ¢ are the density and thickness of the plate.
The corresponding natural frequency «,, 1is given by

12 5 2
@, = D mr|o | (14)
Pyt L, L,

where D is the bending stiffness of the plate.

2.3 Average radiation efficiency to point force excitations

The general characteristics of the response are investigated
by averaging them over the point force excitations. This
shows advantages, as the cross-modal terms can be eliminated
and thus, the calculation time can be greatly reduced.

The spatially and temporally averaged mean square velocity
of the plate in mode (m,n) is found by [13]

2
u,, /2 form=0andn=0

)= b

=0 (15)

/mz

/8 form=0andn#0

Similarly, the spatially averaged mean square velocity in
mode (m,n), averaged over all possible force positions, i.e.
averaged over both the forces and responses, can be found.
For m#0andn=0,

2

—_ 1 pLepy )5 1 pixpiy|Uy,
<<VSI">>0:L7LJ, 0 _[0 <me>dxedye:EL _[0 *dg x,dy,
! Gl
“32[(@}, ~ @) e, M,
(16)

The same mathematics can be applied for mode cases
(m=0andn=0) and (m=0orn=0), and the results are
summarized as

o

> form=0andn=0
2[(@), ~@') +7 e, M,

mn

form=0o0rn=0

<<VT>>: 1[(%,—60) ff] i M2,

1 ' |Ff
2[(@}, ) e, M,

form=0andn#0

(17)
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Note that, here, modal mass A, is dependent on the num-
ber m and n. The spatially averaged mean square velocity,
averaged over all possible force locations, is given by

(7)), =z 2(02)), (13)

The sound power radiated from the plate that averaged over
all possible point forces can be written. From Eq. (11),

(), = L Hh W dy,

—ZZZZ
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Lx oLy

L,' ey, (19)
72

L, J 4,04, (r)fsmédadqj

It should be noted that

ZZZZ

m=0n=0m'=0n" 0
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J‘O iU dx dy
(20)
Lx pLy
'[ U mndx dyc

as the orthogonality of the eigenfunctions holds. Thus, Eq.
(19) can be simplified to

(w), = f [t 00y,
m= On (J
", . o
j [ A4, (004, (1) =—sin 0dod 1)
0 Jo 2pc
=22 W
m=0n=0

which shows that the cross-modal terms have been eliminated
and the averaged sound power is the sum of the power radi-
ated by each mode [8]

1 (xply X 27 (72 * P
Mo =T [T tttraedy, [ A ()4, 0 sin 06
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Substituting the relationship of Vv and

mn

u

mn

shown in Eq. (16) into Eq. (22) gives the modal radiation effi-
ciency, summarized as
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Substituting Eq. (9) into Eq. (23) and algebraic manipula-
tions gives the simplified modal radiation efficiency. For
m=#=0andn=0,itis found as

K’L.L,

r
cosz(g)cosz(ﬁj
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For general mode cases, they can be summarized as
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Note that cos® is used when m or 7 is an odd integer and
sin® is used when m or n is an even integer.

The similar expression of the modal radiation efficiency for
the pinned plate in an infinite baffle is already shown by [8],

as
cos’(a\cos®( B
_64k2L‘,LV J»zr/zjw/z sin®\ 2 Jsin®\ 2

m At N [ (af mayy 1] [ ) 1]

sin 0d0dg

nmmn

(25

Finally, the average radiation efficiency, over all possible

point force positions, can be obtained for the total radiated
power in terms of a summation of modal radiated power.

syo ()
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3. Numerical investigation

3.1 Rectangular plate

The dimensions and material properties of the steel plate are
the same as those used in Berry [2] (Table 1). The fundamen-
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Table 1. Material properties and dimensions of the baseline model
shown in Fig. 1.

YO“;g;f}Efﬁﬁ‘)h‘S’ 199.  |Platelength, L (m)| 0455
Poisson’s ratio, vV 0.28 Plate width, L,(m) | 0.455/1.2
Density, p , (kgm®) 7850.0 [Plate thickness, ¢ (mm)| 1.0
DLF of the plate, 77 0.1 Air speed (ms™) 343.

S,

Mean square velocity (m” /%)
o

10
Frequency (Hz)

10' 10" 10"

Fig. 2. Average velocity of a rectangular plate.

mode (1 .D}';"
s

&

7 .-
#mode (0,7)
M -
10’ 107 10"
Frequancy (Hz)

Fig. 3. Modal radiation efficiency of a rectangular plate.
10';

10° |

10
Frequency (Hz)

Fig. 4. Modal and average radiation efficiency of a rectangular plate
with guided edges.

tal mode (1,1) is found at 28.0 Hz and the critical frequency is
12365 Hz (maximum frequency of 20 kHz and 40 frequency
points per logarithmic frequency decade are used). A unit
point force is used in the calculation.

Firstly, the spatially averaged mean square velocity, aver-
aged over all possible force locations (Eq. (18)), is shown in

F o ]

10 10
Frequency (Hz)

10’ 10

Fig. 5. Average radiation efficiency of a rectangular plate with pinned
edges (black) and guided edges (grey).

Fig. 2, where no dominant peaks are found at mid- and high
frequencies.

To verify if the numerical calculation is appropriate, the
modal radiation efficiencies (Eq. (24)) of first 4 modes are
plotted in Fig. 3. Then the so-called piston mode (mode (0,0))
is the most efficient in radiation and it can be seen that all
results agree well with those presented in Berry [2].

The modal radiation efficiencies of all modes and the aver-
age (Eq. (26)) are shown together in Fig. 4. Also, the average
radiation efficiency is compared to that of the pinned plate
investigated by Xie [8], in Fig. 5. For comparison, the same
dimensions for both cases are used. It can be seen that the
physical phenomenon is dependent on boundary conditions.
The dominant peak, near the fundamental frequency of mode
(1,1), shown from the pinned plate, cannot be found in the
guided case and therefore, there is no clear low frequency
limit of so-called corner and edge mode regions. At low fre-
quencies, the average radiation efficiency of the pinned plate
is higher than that of the guided, even though no rigid mode
occurs in the pinned plate. Meanwhile, it becomes maximum
at the critical frequency, regardless of boundary conditions.

As previously studied for the pinned plate, for example, in
Xie [8], it is the corner and edge mode region that is strongly
dependent on structural damping. The damping effect for the
guided plate is investigated. Fig. 6(a) shows how the average
radiation efficiency of the guided plate changes when the
damping of the plate varies. (Note that only the low frequency
region is shown.) The radiation efficiency is strongly depend-
ent on the damping, at lower frequencies, as well as at higher
frequencies of the fundamental frequency. In contrast, it can
be seen that, for the pinned plate, there are no changes below
the fundamental frequency (Fig. 6(b)). For both cases, increas-
ing damping results in more efficient radiation. This is be-
cause vibrational velocity of the plate will substantially reduce
[8].

In addition to radiation efficiency, it seems important to ex-
amine radiation power, where structural response of the plate
is due to excitation being taken into account. In Fig. 7, the
average radiation powers are compared for the two boundary
conditions. Similar to the radiation efficiency, it can be seen
that the power radiated by the pinned plate is higher than that
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10’ 10° 10’
Frequency (Hz)

(2)

' 3

10 10’ 10’
Frequency (Hz)

(b)
Fig. 6. Average radiation efficiency of a rectangular plate with guided

edges (left) and with pinned edges (right). , n =0.05;
===,n=01; ------ ,=02;=-=+=,1n=04;———,1=0.6.

by the guided below the critical frequency. While radiation
due to the fundamental frequency mode is clearly visible for
the pinned plate, it is difficult to find any particular peak re-
lated to the motion of the guided plate below the critical fre-
quency. It seems that the power level is generally governed by
the piston mode of the guided plate. For comparison, the
power radiated only from the piston mode is also shown in the
same figure (dotted line), found by [2].

W =p l(4rcp,’t®) 27)
3.2 Strip plate

It is already known that radiation characteristics depend on
the aspect ratio of a plate [8, 13]. In this section, the aspect
ratio of 12.0 is considered, where only L, is changed (the
previous section dealt with the aspect ratio of 1.2).

3 8

8

d

Sound Power Level, dB (Ref. 1.e-12W)
=
o

a8 8

10° 10"
Frequancy (Hz)
Fig. 7. Acoustic power radiated from a rectangular plate with pinned
edges (black) and guided edges (grey); averaged for both response and
excitation.

Frequenay (Hz)

Fig. 8. Average radiation efficiency of a plate (solid, aspect ratio of
1.2) and a strip (dashed, aspect ratio of 12.0) with guided edges; aver-
aged for both response and excitation.

120

883

]
L=

@
L]

Sound Power Level, dB (Ref, 1.e-12W)
g 3
)

&
L2)

10° 10"
Frequency (Hz)

Fig. 9. Acoustic power radiated from a plate (solid, aspect ratio of 1.2)
and a strip (dashed, aspect ratio of 12.0) with guided edges; averaged
for both response and excitation.

The average radiation efficiency and average radiation
power of the guided plate are respectively compared in Figs. 8
and 9, where it can be seen how they change for different as-
pect ratios. The radiation efficiency of the strip reduces at the
critical frequency. The acoustic power increases at frequencies
of modes (m,n) = (0,n) (i.e. 1655, 6620, 14890 Hz), which
means the radiation is maximised where the wavelength is
nxL, of the strip. This is because the vibrational level in-
creases at these modes. Distinguishable are the three vibra-
tional peaks that are found at high frequencies for the strip
plate (the corresponding result is shown later at Fig. 12. Also
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10' 10% 10"
Frequency (Hz)

Fig. 10. Average radiation efficiency of a strip with pinned edges
(black) and guided edges (grey); averaged for both response and exci-
tation.

110

8

g 8

Sound Power Level, dB (Ref. 1.e-12W)
~
o

3888838

10° 10° 10
Fraquency (Hz)

Fig. 11. Acoustic power radiated from a strip with pinned edges

(black) and guided edges (grey); averaged for both response and exci-

tation.

a.

Mean square velocity (m* / s°)
Q

10 10"

10°
Frequency (Hz)

Fig. 12. Average velocity of a strip with pinned edges (black) and
guided edges (grey).

notable is that the average velocity shown in Fig. 2 gives no
particular peaks.)

The average radiation efficiency and average radiation
power of the strip are respectively compared in Figs. 10 and
11, where it can be seen how they change for different bound-
ary conditions. Recalling the results shown in Fig. 9, it is in-
teresting that the radiation power becomes closer when above
the frequency of mode (m,n) = (0,1). It can be seen that radia-
tion is maximised at the frequencies of modes (m,n) = (0,1),
(0,2), (0,3) (guided case) and at frequencies of mode (m,n) =
(L,D), (1,2), (1,3) (pinned case). As seen in Fig. 12, this is be-

cause the vibrational level increases at these frequencies, re-
gardless of the boundary conditions considered in this study
(the frequencies of the modes are very close. For example,
1655 Hz of guided mode (0,1) and 1666 Hz of pinned mode
(1,1).) Radiation power at these frequencies seems greater
than that radiated at the critical frequency. Below the fre-
quency of mode (m,n) = (0,1), radiation due to the rigid mode
of the guided plate, is greater than radiation from the pinned.

4. Concluding remarks

The modal radiation efficiency and average radiation effi-
ciency for possible point excitation locations are analytically
investigated for the plate whose edges are in guided conditions.
In such boundary conditions, it is possible to eliminate the
cross-modal term in obtaining the average quantities. The
numerical calculation and comparison of the acoust  ic char-
acteristics, with those of the plate with pinned conditions, can
cause some physical phenomena to be found and be summa-
rized as follows.

While the pinned plate shows acoustic characteristics at
fundamental and critical frequencies and the so-called corner
and edge mode frequencies, for the guided plate with moder-
ate aspect ratio, only the critical frequency seems related to the
radiation efficiency at high frequencies. Below that frequency,
it was found that the so-called piston mode (rigid mode)
dominates acoustic radiation. This is consistent with the result
when a single point is excited, as discussed by Berry [2].

It is known that the radiation efficiency of the pinned plate
increases at the corner and edge mode regions if the plate
damping increases, as the vibrational level decreases. For the
guided case, the same phenomenon is found below the critical
frequency. However, the impact due to this is, in fact, very
small as the radiation is dominated by the piston mode.

For the strip with large aspect ratio, radiation is related to
the mode of the short edges. That is, radiation power is
maxima where the y-directional wavelengthisn (=1, 2, 3, ---)
times L,. This is because the vibrational level of the strip (with
the guided as well as the pinned), at these mode frequencies,
shows clear difference.

As Berry identified [2], a piston mode is mostly important
in the acoustic radiation at low frequencies, for both the
guided and free conditions. Also, Lomas and Hayek [5]
pointed out that the radiation powers of the pinned and
clamped plates are at a similar level. In addition to these stud-
ies, the present study on the characteristics of the guided plate,
which is compared to the pinned case, may provide insight to
predict general characteristics of acoustic radiation.
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